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Abstract:We consider surfaces of constant Gaussian curvature immersed in 3-dimensional
manifolds, and we strengthen the compactness result of Labourie in the case where the
ambient manifold is 3-dimensional hyperbolic space. This allows us to prove results of
existence of solutions to the asymptotic Plateau problem, as defined by Labourie, and the
continuous dependence of these solutions on the data.
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1 - Introduction.
The Gaussian curvature of an immersed surface has interested differential geometers right
from the very beginning with the announcement of Gauss’ famous Teorema Egregium, [4].
Having established this concept, it is natural to ask when there exist surfaces of constant
Gaussian curvature in a given manifold subject to certain prescribed conditions which are
typically geometric or topological in nature. For example, in the compact case, the Plateau
problem and its various variants ask for compact immersed surfaces of constant Gaussian
curvature with prescribed boundary (c.f. [3], [6], [13], [18] etc.). In the non-compact case,
Minkowski type problems ask for complete immersed hypersurfaces of constant Gaussian
curvature whose normal vector field is prescribed by some sort of Gauss map (c.f. [8], [9],
[12] etc.).
On closer examination, PDE considerations show that the qualitative nature of the prob-
lem is foremost affected by the sign of the Gaussian curvature. Indeed, the resulting PDE is
elliptic, hyperbolic, or totally degenerate depending on whether the Gaussian curvature is
positive, negative or zero respectively. Consequently, in the first case, the highly developed
theory of regularity and compactness results for elliptic PDEs translates into a stronger
geometric theory than can in general be obtained in the remaining cases. In the current
setting, we go even further, as Labourie shows in [9] a straightforward but remarkable re-
lationship between surfaces of constant positive Gaussian curvature on the one hand, and
pseudo-holomorphic curves in the tangent bundle of the ambient manifold on the other
which, through the powerful techniques developed by Gromov in [5], readily yields a strong
compactness result (Theorem 3.3) requiring weak hypotheses and involving a unique, ele-
mentary mode of degeneration which itself may often be excluded through straightforward
geometric considerations. Using the continuity method and various limiting processes, this
in turn yields existence results for solutions to the Plateau and Minkowksi problems (c.f.
[9] and [17]).
By definition, any compactness result assumes a choice of topology, and in the case of
Labourie’s compactness theorem (Theorem 3.3), the topology in question is the C∞ pointed
Cheeger/Gromov topology on the space of complete, immersed surfaces (i.e. the topology
of smooth convergence modulo reparametrisation). This topology is too weak to provide
much control over the structure of the limit submanifolds. For example, the limit depends
on the preferred points chosen, and in the case of surfaces, although on the one hand the
genus is lower semi-continuous, the number of singularities is not even semi-continuous,
compactness is not a closed property, and so on. As a consequence, it is rare that con-
vergence in this topology is sufficient for any application, and supplementary techniques
are often necessary in order to actually prove results. It is for this reason that in this
paper, restricting attention to the case where the ambient manifold is 3-dimensional hy-
perbolic space, we deduce a much stronger compactness theorem, which in turn permits
us to recover a special case of the existence result of [16] as well as to show the continuous
dependence of the solutions, which are unique, upon the data.
Before stating our results, it is worth observing how the study of complete hypersurfaces of
positive Gaussian curvature in H3 further subdivides into three different cases, depending
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on the value, k, of the curvature. When k > 1, the intrinsic geometry is spherical, and
we readily show that the immersion is a geodesic sphere of radius determined by k. When
k = 1, the intrinsic geometry of the surface is Euclidean, and the immersion is either a
horosphere, or a cylinder of points lying at constant distance from a complete geodesic. It
is thus only in the case where k ∈]0, 1[, and the intrinsic geometry is hyperbolic, that a rich
zoology arises, and it is for this reason that we restrict attention henceforth to these values
of k (note, however, that by admitting singularities nonetheless we recover an interesting
zoology also in the preceding two cases, as in for example [11]).
We now describe the setting in which our results are proven. Let H3 be 3-dimensional
hyperbolic space. Let TH3 be the tangent bundle over H3 and let UH3 be the circle
bundle of vectors of unit length in TH3. Let S be an oriented surface, let i : S → H3 be
an immersion, and let Ni : S → H3 be the unit normal vector field over i compatible with
the orientation. We define the Gauss lift ıˆ : S → UH3 by:
ıˆ = Ni.
Denition 1.1
For k ∈]0, 1[, we say that the immersed hypersurface Σ := (S, i) is a k-surface if
and only if:
(i) i is everywhere locally strictly convex and is of constant Gaussian curvature
equal to k; and
(ii) ıˆ is complete.
Remark: The condition that the Gauss lift rather than the immersion itself be complete,
although apparently strange, is natural from the perspective of Labourie’s compactness
theorem which, strictly speaking, operates entirely within the unitary bundle (c.f. [9]).
This often leads to subtle complexities in the geometric arguments required. However, in
the case of most interest to us, being that of solutions generated by ramified coverings of
the sphere, completeness of i follows from completeness of ıˆ (c.f. [15]).
Let ∂∞H3 be the ideal boundary of H3 (c.f. [1]). We define the Gauss-Minkowksi map,−→n : UH3 → ∂∞H3 as follows: choose V ∈ UH3, and define −→n (V ) to be the point in ∂∞H3
towards which V points. Explicitly, if γ : R→ H3 is the unique geodesic such that:
(∂tγ)(0) = V,
then:
−→n (V ) = γ(+∞) = Lim
t→+∞
γ(t).
We recall that ∂∞H3 has the conformal structure of the Riemann sphere. Following [9],
we make the following definition:
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Denition 1.2
An asymptotic Plateau problem is a pair (S, ϕ) where S is a Riemann surface, and
ϕ : S → H3 is a locally conformal mapping.
Given an asymptotic Plateau problem, (S, ϕ), and given k ∈]0, 1[, the smooth
immersion i : S → H3 is said to be a solution to (S, ϕ) if and only if:
(i) (S, i) is a k-surface; and
(ii) ϕ = −→n ◦ i.
Remark: This definition superficially appears more restrictive than that given in [9], where
S may be any topological surface and ϕ a local homeomorphism. However, pulling back the
conformal structure of ∂∞H3 through ϕ readily transforms an asymptotic Plateau problem
in the sense of [9] into an asymptotic Plateau problem in the current sense, and so we see
that no generality is lost.
Remark: we see that an asymptotic Plateau problem is in fact closer to the Minkowski
problem than the Plateau problem. We nonetheless retain the current terminology for
consistency with [9] and [15].
The main result of this paper is the following Theorem which follows immediately from
Proposition 5.3:
Theorem 1.3, Compactness
Let D be the Poincare´ disc. Let (ϕn)n∈N : D → ∂∞H3 be locally conformal maps.
Choose k ∈]0, 1[ and for all n let in : D → H3 be a k-surface which is a solution
to the asymptotic Plateau problem (D, ϕn). Suppose that there exists a locally
conformal map ϕ0 : D → ∂∞H3 towards which (ϕn)n∈N converges in the local
uniform sense. Then there exists an immersion i0 : D→ H3 such that
(i) (D, i0) is a k-surface;
(ii) i0 is a solution to the asymptotic Plateau problem (D, ϕ0); and
(ii) (in)n∈N converges to i0 in the C∞loc sense.
This yields a short, alternative proof of the following special case of Theorem 1.1 of [16]:
Theorem 1.4, Existence
Let D be the Poincare´ disc. Let ϕ : D → ∂∞H3 be a locally conformal map. For
all k ∈]0, 1[, there exists a unique immersion i : D→ H3 such that:
(i) (D, i) is a k-surface; and
(ii) i is a solution to the asymptotic Plateau problem (D, ϕ).
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Moreover the following continuity result, being valid also in the non-cocompact case, is
thus stronger than what may be obtained via the techniques of [16]:
Theorem 1.5, Continuous Dependence
Let D be the Poincare´ disc. Let (ϕn)n∈N, ϕ0 : D→ ∂∞H3 be locally conformal maps.
Choose k ∈]0, 1[, and for all n ∈ N∪{0}, let in : D → H3 be the unique immersion
such that:
(i) (D, in) is a k-surface; and
(ii) in is the unique solution to the asymptotic Plateau problem (D, ϕ).
Suppose that (ϕn)n∈N converges to ϕ0 in the local uniform sense, then (in)n∈N
converges to i0 in the C∞loc sense.
This paper is a greatly revised version of the second chapter of the author’s doctoral thesis.
The author would like to thank Franc¸ois Labourie for having proposed this problem, for
his guidance during that period, and for his encouragement to prepare the current version.
The author would also like to thank the Universite´ Paris XI, and the Max Planck Insitute
for Mathematics in the Sciences in Leipzig for providing the conditions required to prepare
the previous version of this paper. The author would like thank the Centre de Recerca
Matema`tica in Barcelona for providing the conditions required to prepare the current
version of this paper which was written whilst the author was benifitting from a Marie
Curie Postdoctoral fellowship.
2 - Conformal Structure.
For r > 0, let SrH
3 be the bundle of spheres of radius r in TH3. Let S be an oriented
surface and let i : S → H3 be an immersion. Let Ni be the unit normal vector field over i
compatible with the orientation. We define ıˆr : S → SrH3 by:
ıˆr = rNi.
We call ıˆr the Gauss lift of i at height r. Let gˆ be the Sasaki metric over TH
3 (c.f. [14]).
Let Ii and IIIi be the first and third fundamental forms of i. We readily see that:
ıˆ∗r gˆ = Ii + r
2IIIi.
Let Ji,r be the complex structure compatible with the orientation induced over Σ by the
metric ıˆ∗r gˆ. We henceforth refer to Ji,r as the complex structure induced by ıˆr. We shall
see that this complex structure plays a central role in the sequel.
Let ∂∞H3 be the ideal boundary of H3. We define the Gauss-Minkowski mapping−→n : SrH3 → ∂∞H3 as in the introduction. Given an immersion i : S → H3, the compo-
sition (−→n ◦ ıˆi,r) (which is indepedant of r) is everywhere an orientation preserving local
diffeomorphism between the Riemann surfaces (S, Ji,r) and ∂∞H3 = Cˆ. In general, this
map is not conformal but is quasiconformal. We thus recall the definition of quasicon-
formality. Let U ⊆ C be open and let α : U → C be a smooth, orientation preserving
4
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mapping which is everywhere a local diffeomorphism. For all z ∈ U , the derivative of α is
given by:
Dαz · w = ∂α(z)w + ∂α(z)w.
We define µ(α), the complex dilatation of α, by:
µ(α)(z) =
∂α(z)
∂α(z)
For K > 1, we say that α is K-quasiconformal if and only if for all z ∈ U :
|µ(α)(z)| 6 K − 1
K + 1
.
We recall that the concept ofK-quasiconformality readily extends to orientation preserving
local homeomorphisms, and that a local homeomorphism is 1-quasiconformal if and only
if it is smooth and conformal (c.f. [7]).
Lemma 2.1
Choose k ∈]0, 1[ and let r = k−1/2 > 1. Let i : Σ → H3 be a locally strictly convex
immersion, let ıˆr : S → SrH3 be the Gauss lift of i at height r, and let Ji,r be
the complex structure induced over S by ıˆr. If i has constant Gaussian curvature
equal to k, then (−→n ◦ ıˆr) : (S, Ji,r)→ ∂∞H3 is r-quasiconformal.
Proof: We identify H3 with H+, the upper half space in R3. We identify SrH
3 with
H+ × S2. Using elementary Euclidean geometry, we readily show:
−→n ((x, y, z), (u, v, w)) = (x, y) + z
1− w (u, v).
Choose p0 ∈ S. By applying an isometry of H3, we may assume that there exists a
neighbourhood, U , of 0 in R2, a neighbourhood, V , of p0 in S and a smooth function
f : R2 →]0,∞[ such that i(V ) coincides with the graph of f over U . We may suppose,
moreover, that f(0) = 1 and Df(0) = 0. Since the result is invariant under reparametri-
sation, it suffices to prove it for fˆ : U → H3 given by:
fˆ(x, y) = (x, y, f(x, y)).
Let (e1, e2) be an orthonormal basis of R
2 with respect to which Hess0(f) is diagonal, and
let (λ1, λ2) be the corresponding eigenvalues. Let Nfˆ be the unit normal vector field over
fˆ compatible with the orientation. We may assume that Nfˆ points downwards. Since the
hyperbolic metric over H+ is conformally equivalent to the Euclidean metric, Nfˆ coincides
up to a scaling factor with the Euclidean unit normal, and we readily obtain:
Nfˆ (x, y) = ((x, y, f(x, y)), (1+ ‖Df‖2)−1(∂xf, ∂yf,−1))
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Bearing in mind that fˆ(0) = (0, 0, 0) and Df(0) = (0, 0), using the chain rule, we readily
obtain:
D(−→n ◦ Nfˆ )(0) = M := Id +
1
2
(
λ1 0
0 λ2
)
.
Let I0(f), II0(f) and III0(f) be the first, second and third fundamental forms of fˆ with
respect to the hyperbolic metric at 0. Since f(0) = 1 and Df(0) = 0, we readily see that I
coincides with the Euclidean metric over R2. Let IIe0(f) be the second fundamental form
of fˆ with respect to the Euclidean metric at 0. Observe that II0(f)− IIe0(f) only depends
on Nfˆ (0). Let g : U → ]0,∞[ be the function whose graph is a portion of the unit sphere
in R3 centred at 0. In particular, g(0) = 1 and Dg(0) = 0. We choose Ngˆ(0) to be the
downward pointing normal. Then, by definition:
IIe0(g)(ei, ej) = −δij ,
However, the graph of g is a totally geodesic subspace of H3. Thus:
II0(g) = 0.
Since Nfˆ points downwards, we readily obtain:
IIe0(f)(ei, ej) = Hess0(f)(ei, ej).
Thus:
II0(f)(ei, ej) = II
e
0(f)(ei, ej) + (II0(f)− IIe0(f))(ei, ej)
= ∂i∂jf(0) + δij .
In summary:
I0(f) =
(
1 0
0 1
)
, II0(f) =
(
1 + λ1 0
0 1 + λ2
)
, III0(f) =
(
(1 + λ1)
2 0
0 (1 + λ2)
2
)
.
Using the formula for the Gaussian curvature of fˆ , we obtain:
(1 + λ1)(1 + λ2) = k.
Moreover, if J is the conformal structure induced over S by the Gauss lift at height r of
fˆ , then:
Je1 = r(1 + λ1)e2, Je2 = −r(1 + λ2)e1.
We thus define (e′1, e
′
2) by:
e′1 =
1√
1 + λ1
e1, e
′
2 =
1√
1 + λ2
e2.
So that Je′1 = e
′
2 and Je
′
2 = −e′1. With respect to the basis (e′1, e′2) in the domain, and
the basis (e1, e2) in the range, the matrix of D(
−→n ◦ Nfˆ ) is therefore equal to M ′, where:
M ′ =
1
2
(
2+λ1√
1+λ1
0
0 2+λ2√
1+λ2
)
.
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The complex dilatation of M ′ is equal to µ, where:
µ =
(
√
1 + λ1 −
√
1 + λ2)
(
√
1 + λ1 +
√
1 + λ2)
r − 1
r + 1
.
The absolute value of the first multiplicand is trivially no greater than 1, and so:
|µ| 6 r − 1
r + 1
.
M ′ is therefore r-quasiconformal, and this completes the proof. 
3 - Weak Compactness.
We first discuss the form of degenerate limit that may arise. Let Γ ⊆ H3 be a complete
geodesic in H3. Let Nr(Γ) ⊆ SrH3 be the set of vectors of length r over Γ which are normal
to Γ.
Denition 3.1
Let S be a surface and let ıˆ : S → SrH3 be a complete immersion. We say that
(S, ıˆ) is tubular if and only if there exists a complete geodesic Γ such that ıˆ is a
covering map of Nr(Γ).
Remark: Observe that if (S, ıˆ) is tubular, and if J is the complex structure induced over
S by ıˆ, then (S, J) is of parabolic type. This plays an important role in the sequel.
We recall the definition of convergence modulo reparametrisation for complete immersed
submanifolds. Let (M, g) be a Riemannian manifold. For all n ∈ N, let in : Sn →M be a
complete immersion, and for all n, choose pn ∈ Sn. Let i0 : S0 →M be another complete
immersion and choose p0 ∈ S0.
Denition 3.2
We say that (Sn, in, pn)n∈N converges to (S0, i0, p0) in the C∞ sense modulo repara-
metrisation if and only if there exists a sequence of mappings ϕn : S0 → Sn such
that:
(i) for all n, ϕn(p0) = pn; and
for every relatively compact open subset Ω ⊆ S0, there exists N ∈ N such that:
(ii) for all n > N , the restriction of ϕn to Ω is a diffeomorphism onto its image;
and
(iii)(in ◦ ϕn)n∈N converges to i0 in the C∞loc sense over Ω.
We will refer to (ϕn)n∈N as a sequence of convergence mappings for (Sn, in, pn)n∈N
with respect to (S0, i0, p0).
Choose k ∈]0, 1[ and let r = k−1/2. For n ∈ N, let Sn be an oriented surface, let in : Sn →
H3 be a locally strictly convex immersion of constant Gaussian curvature equal to k, and
let pn be a point in Sn. For all n, let ıˆn,r : Sn → SrH3 be the Gauss lift of in at height r.
In [9], Labourie proves:
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Theorem 3.3
Suppose that:
(i) for all n, ıˆn,r : S → SrH3 is a complete immersion; and
(ii) there exists a compact subset K ⊆ SrH3 such that ıˆn,r(pn) ∈ K for all n.
Then there exists a complete pointed immersed surface (S0, ıˆ0, p0) towards which
(Sn, ıˆn, pn) ⊆ SrH3 subconverges in the C∞ sense modulo reparametrisation. More-
over either:
(i) π ◦ ıˆ0 is an immersion, where π : SrH3 → H3 is the canonical projection; or
(ii) (S0, ıˆ0) is tubular.
Remark: Observe that, in the first case, π ◦ ıˆ0 is an immersion of constant Gaussian
curvature equal to k. Importantly, it is not necessarily complete.
We now relate the convergence maps to the conformal structure of the limit. We require
the following Schwartz lemma:
Lemma 3.4
Let S be an oriented surface. Let (Jn)n∈N be a sequence of smooth almost complex
structures over S which converges to another almost complex structure J0 in the
C∞
loc
sense. For all n ∈ N, let αn : S → D be holomorphic with respect to Jn. There
exists α0 : S → D towards which (αn)n∈N subconverges in the C∞loc sense.
Proof: Choose p ∈ S. Let U be a neighbourhood of p, and for all n ∈ N∪{0}, let
(e1,n, e2,n) be a frame defined over U such that:
(i) for all n, Jne1,n = e2,n; and
(ii) (e1,n, e2,n)n∈N converges to (e1,0, e2,0) in the C∞loc sense.
For all n ∈ N∪{0}, define an, bn : Ω→ R such that:
[e1,n, e2,n] = ane1,n + bne2,n.
We define the generalised Laplacian Ln such that, for all f :
Lnf = (e1,ne1,n + e2,ne2,n)f − (bne1,n − ane2,n)f.
For all n ∈ N, we denote αn = ξn + iηn. The Cauchy-Riemann equations yield:
(e1,ne1,n + e2,ne2,n)ξn = (e1,ne2,n − e2,ne1,n)ηn
= (ane1,n + bne2,n)ηn
= (bne1,n − ane2,n)ξn.
Thus:
Lnξn = 0.
8
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For all n:
‖ξn‖L∞ 6 ‖αn‖L∞ 6 1.
It thus follows by classical elliptic regularity (c.f. [2]) that there exists ξ0 towards which
(ξn)n∈N subconverges. Likewise, there exists η0 towards which (ηn)n∈N subconverges. This
completes the proof. 
We refine Labourie’s result as follows: choose k ∈]0, 1[ and denote r = k−1/2. Let D be
the Poincare´ disc. For all n ∈ N, let in : D → H3 be a locally strictly convex immersion
of constant Gaussian curvature equal to k, let ıˆn,r be its Gauss lift at height r. Suppose
that ıˆn,r : D→ SrH3 is complete, and, moreover, for all n, the complex structure induced
over D by ıˆn,r coincides with the canonical complex structure of D.
For all n ∈ N, choose zn ∈ D. Let K ⊆ SrH3 be compact, and suppose that ıˆn,r(zn) ∈ K.
By Theorem 3.3, there exists a complete immersed surface (S0, ıˆ0, p0) in SrH
3 towards
which (D, ıˆn,r, zn) subconverges modulo reparametrisation in the C
∞
loc sense. Let (ϕn)n∈N :
S0 → D be a sequence of convergence mappings of (D, ıˆn,r, zn) with respect to (S0, ıˆ0, p0).
Let J0 be the complex structure induced over S0 by ıˆ0.
Lemma 3.5
There exists a conformal mapping ϕ0 : (S0, J0) → D towards which (ϕn)n∈N sub-
converges in the C∞loc sense.
Remark: Recall the remark following Definition 3.2. If (S, J0) is tubular, then, in particular
it is of parabolic type, and so ϕ0 is constant.
Proof: Let Ω ⊆ S0 be a relatively compact open set. Choose N ∈ N such that, for n > N ,
the restriction of ϕn to Ω is a diffeomorphism onto its image. For all n, let Jn be the
complex structure induced over S0 by (ıˆn,r ◦ ϕn). Since (ıˆn,r)n>N subconverges to ıˆ0 in
the C∞loc sense over Ω, (Jn)n∈N also subconverges to J0 in the C
∞
loc sense over Ω. However,
for all n, by definition ϕn : (Ω, Jn)→ D is conformal. It follows by Lemma 3.4 that there
exists a conformal map ϕ0 : (Ω, J0)→ D towards which (ϕn)n∈N subconverges in the C∞loc
sense. The result now follows by a diagonal argument. 
4 - Compactness of Quasiconformal Mappings.
Let D be the Poincare´ disc. We identify ∂∞H3, the ideal boundary of hyperbolic space,
with the Riemann sphere, Cˆ. Let (ϕn)n∈N, ϕ0 : D → Cˆ be locally conformal maps such
that (ϕn)n∈N converges to ϕ0 in the C∞loc sense.
Choose k ∈]0, 1[ and denote r = k−1/2. For all n, let in : D → H3 be an immersion of
constant Gaussian curvature equal to k such that:
(i) the Gauss lift, ıˆn,r, of i at height r is a complete immersion of D into SrH
3; and
(ii) (−→n ◦ ıˆn,r) = ϕn.
For all n, let Jn be the complex structure induced over D by ıˆn,r. Let µn be the complex
dilatation of Jn with respect to the canonical complex structure over D. By Lemma 2.1,
9
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for all n:
‖µn‖ 6 r − 1
r + 1
.
Proposition 4.1
For all n, there exists a conformal homeomorphism αn : (D, Jn) → D such that
αn(0) = 0.
Proof: Since Jn is r-quasiconformal with respect to the canonical complex structure over
D, (D, Jn) is of hyperbolic type (c.f. [7]). The result follows by Riemann’s uniformisation
theorem. 
Proposition 4.2
There exists a quasiconformal mapping α0 : D→ D such that α0(0) = 0 and (αn)n∈N
subconverges to α0 in the C0 sense.
Proof: We apply a Mo¨bius transformation and work in the upper half space, H+. Choose
n ∈ N. Conjugating by a Mo¨bius transformation, we may suppose that αn is an r-
quasiconformal homeomorphism from H+ to itself which fixes i. We extend αn to an
r-quasiconformal homeomorphism of Cˆ as follows: let µn be the complex dilatation of αn.
We extend µn uniquely to a bounded, measurable (1, 1)-form over C such that, for all
z ∈ H+:
µn(z) = µn(z).
By Theorem 4.25 of [7], there exists a unique quasiconformal homeomorphism α˜n : Cˆ→ Cˆ
preserving 0, 1 and +∞ and whose conformal dilatation is equal to µn. Since its conformal
dilatation and fixed points are symmetric about the real axis, α˜n preserves R. Since it fixes
0, 1 and∞, it also preserves the orientation of R, and so, since it is orientation preserving,
it maps H+ to itself.
For all n, let βn : Cˆ→ Cˆ be a Mo¨bius mapping also preserving H+ such that:
βn(α˜n(i)) = i.
Denote α′n = βn◦ α˜n. The mapping αn is a homeomorphism of H+ preserving i. Moreover,
its conformal dilatation over H+ is equal to that of α˜n, which is in turn equal to that of
αn. It follows that, after composing βn with a rotation if necessary, α
′
n = αn over H
+ (c.f.
[7]), and so α′n is the desired extension of αn. Henceforth, we denote α
′
n merely by αn.
Observe that, for all z ∈ H+:
αn(z) = αn(z).
In particular, αn preserves i, −i and R. Thus, by Theorem II.5.1 of [10], the sequence
(αn)n∈N constitutes a normal family, and, by Theorem II.5.3 of [10], it subconverges in
the C0 sense towards an r-quasiconformal mapping α0 : Cˆ→ Cˆ which preserves i, −i and
R. This completes the proof. 
Proposition 4.3
(αn)
−1
n∈N subconverges to α0 in the C
0 sense.
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Proof: As in the proof of Proposition 4.2, for all n ∈ N∪{0}, we extend αn to an r-
quasiconformal homeomorphism of Cˆ to itself. Let K and Ω be subsets of Cˆ such that K
is compact, Ω is open, and α−10 (K) ⊆ Ω. The complements, Ωc and Kc, are compact and
open respectively. Bearing in mind that α0 is bijective:
Ωc ⊆ α−10 (K)c
= α−10 (K
c)
⇒ α0(Ωc) ⊆ Kc.
Since (αn)n∈N converges uniformly to α0, there exists N ∈ N such that for n > N :
αn(Ω
c) ⊆ Kc
⇒ Ωc ⊆ α−1n (Kc)
= α−1n (K)
c
⇒ α−1n (K) ⊆ Ω.
The result follows by definition of uniform convergence. 
5 - Strong Compactness.
We continue with the notation of the preceeding section. Let (zn)n∈N ∈ D be a sequence
in D converging to z0 in D. In order to apply Labourie’s Theorem, we first show that
(in(zn))n∈N remains in a compact set. We achieve this in two steps:
Proposition 5.1
There exists a neighbourhood, U , of ϕ0(z0) in H3 ∪ ∂∞H3 such that, for all n:
in(zn) ∈ U c.
Proof: For all n ∈ N, let Nn be the normal vector field over in compatible with the
orientation, and define In : D× [0,∞[→ H3 by:
In(z, t) = Exp(tNn(z)),
where Exp is the exponential map of H3. Let B1 be the unit ball in R
3. We identify H3
and ∂∞H3 with B1 and ∂B1 respectively in the canonical manner. For all n, In extends
to a smooth map from D× [0,∞] to B1 such that, for all z ∈ D:
In(z,∞) = ϕn(z).
Let V be a neighbourhood of z0 in D and suppose that the restriction of ϕ0 to V is a
diffeomorphism onto its image. Let D ⊆ ∂B1 be a disc about ϕ0(z0) in ∂B1 which is
contained in ϕ0(V ). Without loss of generality, we may assume that, for all n, zn ∈ V ,
the restriction of ϕn to V is a diffeomorphism onto its image, and D ⊆ ϕn(V ).
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Let Σ0 be the totally geodesic hypersurface in H
3 bounded by ∂D. For all d > 0, let
Σd be the level hypersurface at distance d from Σ and let jd : Σd → H3 be the canonical
embedding. Using elementary hyperbolic geometry, we show that, for all d, Σd has constant
Gauss curvature equal to tanh(d)2. Denote dk = tanh
−1(
√
k). We claim that for all n,
and for all d > dk, Σd lifts to an embedded surface in D×]0, 1[. In other words, there exists
˜d,n : Σd → D× [0, 1] such that:
(i) In ◦ ˜d,n = jd; and
(ii) the restriction of ˜d,n to ∂∞Σd = ∂D coincides with (ϕn|V )−1.
Indeed, fix n. Let j∞ : D → ∂∞H3 be the canonical embedding. Trivially, (Σd, jd)
converges to (D, j∞) as d tends to +∞. For all n ∈ N, we define ˜∞,n by:
˜∞,n = (ϕn|V )−1 ◦ j∞.
˜∞,n is trivially a lift of j∞ satisfying both (i) and (ii). Since In is everywhere a local
diffeomorphism, for all sufficiently large d, ˜∞,n perturbs to a lift, ˜d,n of jd. Bearing in
mind that ıˆn is complete, by continuously reducing d, jd can be lifted until we reach some
d = d0 ∈ [0,∞] where jd0,n meets D × {0} at some point. Suppose that d0 > dk. At the
point of contact, in is an interior tangent to jd0 . However, the Gauss curvature of Σd is
greater than that of in, which is absurd by the geometric maximum principal. We deduce
that d0 6 dk and the assertion follows.
For sufficiently large n, ϕn(zn) ∈ D, and so the geodesic ray in H3 leaving in(D) at zn in
the direction Nn(zn) passes through Σdk . However, this geodesic ray is also the geodesic
segment in H3 joining in(zn) to ϕn(zn). We claim that there exists a neighbourhood, U ,
of ϕ0(z0) such that, for sufficiently large n, and for any p ∈ U , the geodesic segment in H3
joining p to ϕn(zn) does not intersect Σdk . Indeed, suppose the contrary. There exists a
sequence (pn)n∈N ∈ H3 converging to ϕ0(z0) such that, for all n, the geodesic segment in
H3 joining pn to ϕn(zn) passes through Σdk . However, these geodesic segments converge
towards ϕ0(z0) in the Haussdorf sense. Thus:
{ϕ0(z0)}∩Σdk 6= ∅.
This is absurd, and the assertion follows. Thus, for sufficiently large n, in(zn) /∈ U . U is
therefore the desired neighbourhood of ϕ0(z0), and this completes the proof. 
Proposition 5.2
For any compact subset K ⊆ D, there exists a compact subset L ⊆ H3 such that,
for any n ∈ N:
in(K) ⊆ L.
Proof: Suppose that contrary. Without loss of generality, there exists (zn)n∈N ∈ D con-
verging to z0 ∈ D such that (in(zn))n∈N converges to some point p0 ∈ ∂∞H3. By Propo-
sition 5.1, p0 6= ϕ0(z0). Choose p′0 ∈ H3, and, for all n, let Φn : H3 → H3 be an isometry
such that Φn(pn) = p
′
0 and Φn(ϕn(zn)) = ϕ0(z0).
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For all n, denote jn = Φn ◦ ϕn and let ˆn,r be the Gauss lift of jn at height r. For all
n, ˆn,r(zn) lies in the fibre over p
′
0 which is compact and so, by Theorem 3.3, there exists
a complete, pointed immersed surface (S0, ˆ0, q0) towards which (D, ˆn, zn) subconverges
in the C∞loc sense modulo reparametrisation. Let (ψn)n∈N : S0 → D be a sequence of
convergence mappings of (D, ˆn, zn) with respect to (S0, ˆ0, q0). For all n, let Jn be the
complex structure induced over D by ˆn. By Proposition 4.1, for all n, there exists a
conformal homeomorphism αn : (D, Jn)→ D sending zn to 0. By Lemma 3.5, (αn◦ψn)n∈N
converges in the C∞
loc
sense to a holomorphic mapping ψ˜0 : (Σ0, J0) → D sending q0 to 0.
Thus, by Proposition 4.3, (ψn)n∈N converges in the C0loc sense to ψ0 := α
−1
0 ◦ ψ˜0. Trivially
ϕ0(q0) = z0.
Since p0 6= ϕ0(z0), (Φn)n∈N converges locally uniformly over (H3 ∪ ∂∞H3) \ {p0} to the
constant mapping sending every point to ϕ0(z0). There thus exists a neighbourhood,
U , of z0 over which (Φn ◦ ϕn)n∈N converges to a constant map, and so there exists a
neighbourhood, V , of q0 over which (Φn ◦ ϕn ◦ ψn)n∈N also converges to a constant map.
However, for all n, bearing in mind that −→n commutes with Φn:
Φn ◦ ϕn ◦ ψn = Φn ◦ −→n ◦ ıˆn ◦ ψn
= −→n ◦ Φn ◦ ıˆn ◦ ψn
= −→n ◦ ˆn ◦ ψn.
This converges in the C∞loc sense to
−→n ◦ ˆ0 which is therefore constant over V . This is
absurd, since, in both cases given in Theorem 3.3, −→n ◦ ˆ0 is a local homeomorphism. The
result follows. 
We are now in a position to prove:
Proposition 5.3
There exists a complete immersion ıˆ0 : D → SrH3 towards which (ıˆn)n∈N subcon-
verges in the C∞
loc
sense. Moreover, i0 = π ◦ ıˆ0 is an immersion.
Proof: For all n, let An be the shape operator of in. We claim that for every compact
subset K ⊆ D, there exists B > 0 such that for all z ∈ K, and for all n, ‖An(z)‖ 6 B.
Indeed, suppose the contrary. Then, without loss of generality, there exists a sequence
(zn)n∈N ∈ D converging to a limit z0 ∈ D such that (‖An(z)‖)n∈N → +∞. By Proposition
5.2, there exists a compact subset, L ⊆ H3 such that in(zn) ∈ L for all n. Thus, by The-
orem 3.3, there exists a complete, pointed immersion (S0, ıˆ0, p0) towards which (D, ıˆn, zn)
subconverges in the C∞loc sense modulo reparametrisation. Since (‖An‖)n∈N → +∞, π ◦ ıˆ0
cannot be an immersion at p0, and the immersed surface (S0, ıˆ0) is therefore tubular.
Let (ψn)n∈N : S0 → D be a sequence of convergence mappings of (D, ıˆn, zn)n∈N with
respect to (S0, ıˆ0, p0). For all n, let Jn be the complex structure induced over D by ıˆn.
By Proposition 4.1, for all n, there exists a conformal homoemorphism αn : (D, Jn) →
D sending zn to 0. By Lemma 3.5, (αn ◦ ψn)n∈N subconverges in the C∞loc sense to a
holomorphic mapping ψ˜0 : (S0, J0) → D sending q0 to 0. Since (S0, ıˆ0) is tubular, in
particular, it is of parabolic type, and so ψ˜0 is constant. However, by Proposition 4.3,
(ψn)n∈N converges in the C0loc sense to ψ0 := α
−1
0 ◦ ψ˜0. Since ψ˜0 is constant, so is ψ0.
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Thus, in particular, (ϕn ◦ ψn)n∈N converges in the C0loc sense to a constant mapping.
However, for all n:
ϕn ◦ ψn = −→n ◦ ıˆn ◦ ψn.
Since (ıˆn ◦ ψn)n∈N converges in the C∞loc sense to ıˆ0, we conclude that −→n ◦ ıˆ0 is a constant
mapping. This is absurd and the assertion follows.
By Theorem 3.3, there exists a complete, pointed immersion (S0, ıˆ0, p0) towards which
(D, ıˆn, 0) subconverges in the C
∞ sense modulo reparametrisation. Let (ψn)n∈N : S0 → D
be a sequence of convergence mappings of (D, ıˆn, 0) with respect to (S0, ıˆ0, p0). As before
(ψn)n∈N : S0 → D converges in the C0loc sense to some ψ0 : S0 → D. Taking limits, we
obtain:
ϕ0 ◦ ψ0 = −→n ◦ ıˆ0,
and so ϕ0 ◦ ψ0 is everywhere a local diffeomorphism. It follows that ψ0 is a local diffeo-
morphism and (ψn)n∈N subconverges to ψ0 in the C∞loc sense.
We claim that ψ0 is a covering map. Let γ : [0, 1]→ D be a curve such that γ(0) = 0. Let
gˆ be the Sasaki metric over TH3. For all n, let ln(γ) be the length of γ with respect to ıˆ
∗
ngˆ.
By Proposition 5.2, there exists a compact subset, L ⊆ H3 such that in(γ([0, 1])) ⊆ L for
all n. Since, in addition, (ϕn)n∈N converges and (An)n∈N is uniformly bounded, we show
that (ıˆn ◦ γ)n∈N is uniformly bilipschitz. There thus exists R > 0 such that, for all n:
ln(γ) 6 R.
Thus, for sufficiently large n, γ lifts through ψn to a smooth curve γn ⊆ S0 of length at
most 2R. Taking limits, we see that γ lifts through ψ0 to a smooth curve in S0, and the
assertion follows.
Since ψ0 is a covering map and D is simply connected, ψ0 is a diffeomorphism. Let K ⊆ D
be compact. Let Ω ⊆ D be a relatively compact neighbourhood of D. There exists N ∈ N
such that, for all n > N , ψn has a smooth inverse, βn : Ω → S0. Moreover, (βn)n∈N
converges in the C∞loc sense to (ψ0|Ω)−1. For all n:
ıˆn = ıˆn ◦ ψn ◦ βn.
Thus (ıˆn)n∈N converges in the C∞loc sense to ıˆ0 ◦ (ψ0|Ω)−1. This completes the proof. 
Theorems 1.4 and 1.5 follow readily:
Proof of Theorem 1.4: For all t < 1, define αt : D→ D by:
αt(z) = tz.
By Theorem E of [9], for all t, there exists it : D→ H3 such that:
(i) it has constant Gaussian curvature equal to k;
(ii) ıˆt,r is complete; and
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(iii)−→n ◦ ıˆt,r = ϕ ◦ αt.
Letting t converge to 1, existence follows by Theorem 1.3. Uniqueness follows by Theorem
A of [9]. This completes the proof. 
Proof of Theorem 1.5: Since ϕn is conformal for all n, (ϕn)n∈N converges to ϕ0 in the
C∞
loc
sense. Let (ikn)n∈N be a subsequence of (in)n∈N. By Theorem 1.3, there exists i
′
0
towards which (ikn)n∈N subconverges in the C
∞
loc sense such that:
(i) i′0 has constant Gaussian curvature equal to k;
(ii) (ıˆ′0,r) is complete; and
(iii)−→n ◦ ıˆ′0,r = ϕ0.
By uniqueness (c.f. Theorem A of [9]), i′0 = i. Thus, every subsequence of (in)n∈N has a
subsubsequence converging to i0, and so (in)n∈N itself converges to i0. This completes the
proof. 
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